It is customary to formulate the inequalities of the "Verzerrungssatz" type for analytic functions w-f(z), schlicht in the unit circle, with reference to a specific normalization. The two normalizations mainly used are: (a) f(z) is finite in \z\ <1, /(O) =0, /'(O) = 1; (b) ƒ(z) has a pole at 2 = 0 with the residue 1. If we want to obtain inequalities which are independent of any particular normalization, we have to use quantities which are invariant with regard to an arbitrary linear transformation of the z-plane. The simplest quantity of this type is the Schwarzian differential parameter
also called the Schwarzian derivative of w with regard to z. It is easy to obtain an upper bound for {w, z) by a simple transformation of the classical inequality |ai|=T valid for functions w=z f(z) =3"" 1 +ao+#i3+ • • • schlicht in the unit circle. Indeed, applying this inequality to the coefficient of z in the expansion of the schlicht function /'(*)(1 -h| 2 ) 1 _ 1 ƒ"(*) , ,
we obtain | {)w,z}\ =6(1-\z\ 2 )~2. We shall now show that by replacing the number 6 in this inequality by 2, this necessary condition for the schHchtness of ƒ(z) in | z\ < 1 becomes sufficient. is of the form w~yi/y2, where yi and y2 are two linearly independent solutions of the linear differential equation
To prove that the condition (2) entails the schlichtness of w=f(z) in \z\ <1 is therefore equivalent to showing that the ratio yi/y2 of two solutions of (4) is schlicht in \z\ < 1 if p(z) is subject to the inequality
Now it is easily seen that the schlichtness of y\/y% can be expressed in a different form which is much easier to handle. In order that the ratio of two linearly independent solutions of (4) be schlicht in a certain domain, it is necessary and sufficient that no solution of (4) vanish there more than once. Indeed, if
that is, the solution 3/1(2) -ay 2 (z) of (4) vanishes at the two points Z\ and 02. Our task is therefore reduced to showing that no solution of (4) can vanish in \z\ <1 more than once if the condition (5) holds. For this purpose, we multiply equation (4) In view of the foregoing, Theorem I will be proved if we can show that (6) cannot be true if p~p(z) is subject to the inequality (5). We may obviously confine ourselves to the case in which |j&i| = \z%\ = p<l without restricting the generality of the proof. It is even sufficient to show the incompatibility of (5) and (6) for z% = -z h since the condition Since, by a substitution z = k(a-x)(l-ötx)~1, any two points 2i, Z2(|zi|, |z 2 | <1) may be transformed into two points symmetrical with regard to the origin and neither the schlicht properties of f(z) [June in |JS| <1 nor condition (7) are affected by this substitution, it is sufficient for our purposes to consider the case 01= -s 2 , where z\ may obviously be taken positive. (6) takes in this case the form (10) C I y'\ 2 dr = f P p\y\ 2 dr (0 < p < 1).
We shall now use the integral inequality Since this function does not satisfy our hypotheses, equality in (11) is excluded.
Substituting px for x in (11) we obtain the inequality 
